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Periodicity and solutions for some systems of
nonlinear rational difference equations

E. M. Elsayed*fand T. F. Ibrahim

Abstract

In this paper, we investigated the periodic nature and the form of the

solutions of nonlinear difference equations systems of order three
Tn—2Yn—1 _ Yn—2Tn—1

Yn (£l £ Tp—2yn_1)’ Ynt1 = T (£l £ Yp—2Tn—1)’

with initial conditions x_2, x_1, o, Yy—2, Yy—1 and yo are nonzero real

numbers.

Tn+1 =
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1. Introduction

In this paper we deal with the existence of solutions and the periodicity character of
the following systems of rational difference equations with order three
ITn—2Yn—1 _ Yn—2Tn—1
Yn (£l + Tp_oyn—1)’ Ynt1 = Tn (£1 £ Yn—2wn_1)’
with initial conditions z_2, x_1, xo, Y—2, y—1 and yo are nonzero real numbers.

In recent years, rational difference equations have attracted the attention of many
researchers for varied reasons. On the one hand, they provide examples of nonlinear
equations which are, in some cases, treatable but whose dynamics present some new
features with respect to the linear case. On the other hand, rational equations frequently
appear in some biological models, and, hence, their study is of interest also due to their
applications. A good example of both facts is Ricatti difference equations; the richness of
the dynamics of Ricatti equations is very well-known ( see, e.g., [10, 29]), and a particular
case of these equations provides the classical Beverton-Holt model on the dynamics of

ITn+1 =
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exploited fish populations [5]. Obviously, higher-order rational difference equations and
systems of rational equations have also been widely studied but still have many aspects
to be investigated. The reader can find in the following books [1, 29, 30], and the works
cited therein, many results, applications, and open problems on higher-order equations
and rational systems.

There are many papers related to the difference equations systems for example, The
global asymptotic behavior of the positive solutions of the rational difference system
Tn

xn+1:1+ 5 yn+1:1+xy7n,

yn—m n—m
has been studied by Camouzis et al. in [6].
The periodicity of the positive solutions of the rational difference equations systems

m PYn
Tn+l = —5 Yntl = ’
Yn Tn—1Yn—1
1 UYn 1
Tn+1 = —— Yn+l = — 5 Fnt+l = )
Zn Tn—1Yn—1 Tn—1

has been obtained by Cinar in [7-8].
In [9] Clark and Kulenovic investigated the global asymptotic stability
T

n Yn
Tpgy1 = ——, bl = ———.
1 a+ cyn Ynt1 b+ dxn,
Elsayed [14] has got the solutions of the following systems of the difference equations
z _ Tn—1 _ Yn—1
i :l:l +mn71yn’ Yn+1 ¥]~ +yn71$n.
Grove et al. [23] has studied existence and behavior of solution of the rational system
a b c d
In+1:7+i7 yn+1:7+7~
The behavior of positive solutions of the following system
T _ Tn—1 — Yn—1
n+1 1 +xn—1'yn7 Yn+1 1 +yn—1xn'

has been studied by Kurbanli et al. [31].
Ozban [32] has investigated the positive solution of the system of rational difference
equations

ITn+1 =

Also, Touafek et al. [36] studied the periodicity and gave the form of the solutions of the
following systems

Yn _ Tn
Tn_1 (£l yn)’ Ynt1 = Yn—1(F1l £ zy)"

In [37] Yalginkaya investigated the sufficient condition for the global asymptotic stability
of the following system of difference equations

In+1 =

Tn +yn—1 Yn +:rn—1

TnYn—1 — 17 Yna1 = YnTn—1 — 1

Tn+1

Similar to difference equations and nonlinear systems of rational difference equations
were investigated see [1]-[43].

1.1. Definition. (Periodicity)

A sequence {x,, }5 _}, is said to be periodic with period p if x,4p =z, for alln > —k.



1363

Tn—2Yn—1 Y — Yn—2Tn—1
yn(1+$n72yn71)’ n+1 $n(1+yn721‘n71)

In this section, we investigate the solutions of the system of two difference equations

2. The First System: x,,1 =

ITn—2Yn—1 Y L= Yn—2Tn—1
Yn (1 +xn—2yn—l)’ nr Tn (1 +yn—2xn—1)’

(1) Tn+1 =

where n € Ny and the initial conditions x_2, x_1, ®o, y—2, y—1 and yo are arbitrary
nonzero real numbers.

2.1. Theorem. Assume that {Tn,yn} are solutions of system (1). Then for n =
0,1,2,..., we see that all solutions of system (1) are given by the following formula

whys T (L+ 20z 2y 1)(1+ (2 + 1)z 1y-)

Tan—2 - n 1

yroxy it (14 (20)zoy-1)(1 + (20 + 1)z -170)
oo = oarlayls (L4 (2i+ Dwoy_1)(1+ (20)2_150)
" wgyy o (L4 (20 4+ Dazoay—1)(1 + (20 + 2)z-1y-2)’
Tan = g yo nl—[ (14 (2i4+2)z0y1)A+ (2i+ 1)z 1y 2)
! 22y o (L4 (2i+ 2)zoy—1) (1 + (2i + 1)z-130)
I y-12"8 Y 1:[ (14 (20 + Dzoy—1)(1 + (20 + 2)z_130)
" apye T (I zooy—1) g (14 20+ 3)z_2y-1)(1 + (2 + 2)z-1y-2)’
and
i = Yo 1:[ (1+ (20 + Dz_2y—1)(1 + (20)x—1y—2)
" anoy"yt e (L4 (204 Dmoy—1) (1 + (20)z—190)
T y-12"5y" 7 (L4 (20)@oy—1)(1 + (20 + Dz_130)
" apyy o (L+ (204 2)z2y—1)(1+ (20 + 1)z_1y—2)’
Yan = ayg ﬁ (1 (2it+ 1Dz 2y 1)1+ (20 +2)x_1y-2)
" aoymy L4 (14 (20 + Dxoy—1) (1 + (20 + 2)z_130)
yoss = r_qx™y" 3t ﬁ 1+ (2i + 2)zoy—1)(1 + (2 + 1)z —130)
" 20 (I + ao1y—2) 14 (L4 2+ 2z oy 1)(1+ (20 +3)z 1y 2)’

=0

Proof. For n = 0 the result holds. Now suppose that n > 0 and that our assumption
holds for n — 1. that is,

ooy T U+ @i sy )+ (2i+ Doy oo)
Lan—6 - n—1 T 2

y'5e? A (1 @Deoy 1) (1 + 20+ Da1y0)

n—1 n—1n—2

(14 (2i + Dzoy—1)(1 + (26)z—1y0)

T4 5 - T2 Yoo H
" oy et M (U @i Droay )1+ 20+ 2)z-1y-2)

oo = BT T (L4 (20422 oy )(L+ (20 + D1y o)
. "G ly"ot e (L4 (204 2)moy—1) (1 + (20 + 1)z—130)

v = Y12y ﬁ (1+ (2 + Dwoy_1) (1 + (2i + 2)x_170)
! ap (L4 zoy—1) p (14 20+ 3)z—2y—1)(1 + (20 + 2)z_1y—2)’
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e lyn T (L4 (20 + Da—ay—1)(1+ (20)z_1y-2)

vanme = gntys? LT @i Doy ) (4 (2007 190)
_ oy ﬁ (14 (20)zoy—1)(1 4 (2i + Dz _1y0)
Yin=s PR § S (R 2z+2)x 20 )+ 2+ Va_1y_2)’

_owp e Qi Drosy 1)(1+ 2+ 2)3 1y )
Yin=a P e S (2z‘ + Dzoy_1)(L + (2i + 2)z_1y0)

R T (1+ (2t + 2)xoy—1)(1 + (2i + 1)z—190)
aiye (4 wo1y—2) o L+ (20 +2)z2y-1)(1 + (20 + 3)z-1y-2)

1=0

Yan—3 -

Now it follows from Eq.(1) that

Tan—5Y4n—4
Yan—3 (1 + Tan—s5Yan—a)

(:c 1"yt 2 (14 (20 + Daoy—1) (1 + (20)z_190) )

Tan—2

g tye Tt o (U4 (204 Dr—2y—1) (14 (20 + 2)z-1y-2)
g tyy "2 (L + (2i4+ Dz oy 1)(1+ (20 +2)z 1y 2)
"ty imo (L4 (20 + Dwoy-1) (1 + (20 + 2)z-130)
( z_q1a" glyEQ n—2 (1 + (2i =+ 2)x0y,1)(1 —+ (2i —+ l)mflyo) )
1

ey (e gy 2) im0 (14+ (2t +2)z_2y—1)(1 + (20 + 3)z_1y—2)
n ( a3 tn5t e (L (204 Daoy—1) (1 + (20)z-130)
e twe o (14 (284 D)z_ay—1)(1 + (20 +2)z_1y-2)
ap~typ " (L (204 Daoy—1)(1+ (20 + 2)$—1y—2)>
(leyﬁ;l im0 (14 (2 + Dxoy—1)(1 + (26 + 2)z_130)

n—2 . n—2 1
<x—1y0 igo(1+(21)$—1y0)> (11;10 (1+(2i+2)1,1y0)>

co1a P (142id )y ) (14+(2i+ D1 yo)

zgygil(l—kz,ly,Q) i=0 (I+(2i+2)z _2y—1)(1+(2i+3)z_1y_2)

(RN ((RUTRT; —

=0

w125y n—2 (14(2i42)moy— ) A+ (2i+ 1)z 1 y0) (1+< e_1y0 ))
B T(to_1y_a) b TT@HDT_2y_ )T (@it3)e_1y-_2) T+ @n—2)z_190)

nyn =4y ) _T-1¥%  \ n—2
Z0 Yo —1¥=2)\ T3 (2n—2)z_1y0 (1+(2i+2)z_2y_1)(1+(2i+3)z_1y_2)
r-1Y0 (1+(2i+2)zoy—1)(1+(2i+1)z_1y0)
w12y lyn 2(1+1+(2n a_ 1yg) i=0
n—2
zoys (A+z_1y—2) H (1+(2i+2)z 2y 1)(1+(2i+3)z_1y—_2)
zizl n (1+(2n 2)z_1yo+tx_ 1y0) (1+(2i+2)xoy—1)(1+(2i+1)z_1y0)

i=0

n—2
Yy (I+z_1y—2) (1+(2i+2)z_oy_1)(1+(2i+3)z_1y—_2)
xi;lyﬁ2(1+(2n—1)x,1yo) (1+(2i+2)zoy—1)(1+(2i+1)z_1y0)
=0

xRyl H (1+ (20)a—2y—1)(L + (20 + Da_1y_2)
"Gy, it (U4 (20)zoy—1)(1 + (20 + 1)z —1y0)

)
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Yan—5T4n—4
Lan—3 (1 + Yan—-5T4an— 4)

(y a3y 2 (14 (20)zoy—1) (1 + (20 + 1)z—190) )

Yan—2

g tye Tt izo (T (20 + 2)z—2y—1) (1 + (20 + 1)z—1y-2)
< ahypt 2 (1+(2i+2)w2y1)(1+(2i+1)m1y2)>
2"yt im0 (14 (204 2)xoy—1)(1 4 (20 4+ 1)z—1y0)
( y_12"oy"5t =2 (14 (20 + Dzoy—1)(1 + (20 + 2)z—170) >
oy yp(L+ ooy 1) izo (14 (20 +3)z—2y—1)(1 + (20 + 2)x-1y-2)
- (y "y 2 (14 (20)zoy—1) (1 + (20 + 1)z—_190) )

gyt =0 (L4 (20 + 2)z—2y—1) (1 + (20 + 1)z—1y—2)

ahys !t =2 (14 (2 + 2z oy 1) (14 (2i4+ Dz _1y-—2)
eyt iso (14 (204 2)woy—1) (14 (20 + D)z—130)

n—2 . n—2 1
<on71 iI;IO(lJr(?l)onyq)) (il;lo m)
vo1atoy"y P (@it ey ) (14+(2i+2)z 1 yo)
mg_lyg(l-&-m,Qy,l) i=0 (1+(2i+3)z—2y—1)(1+(2i+2)z_1y_2)

n—2 n—2
<1 + (wqu _1:[0(1 + (2i)woy71)> (_1:[0 m))

N voraloyy ' nm2 (@it Dooy_1)(1+QRi42)r_1v0) Y\ (, woy_1
e Tyn (e —ay_1) iy (T (2it3)7 2y 1)(I+(Zi+2)z_1y_2) (+((1+(2"*2)x0y71)))

woy—1z{ "y (+z_oy_1) H (14+(2i+3)z_oy_1)(1+(2i+2)z_1y_3)
y_leQyT (1+(2n Dzoy— 1 (1+(2i+1)zoy—1)(1+(2i+2)z_1y0)

_ %oy ﬁ (1+ i+ Dzoy—1)(1 + (2)z-1y-2)
amoy”yt g (L (2i4 Dzoy—1)(1 + (20)z-190)
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Also, we see from Eq.(1) that

Tan—aYan—3
Yan—2 (1 + Tan—aYan—3s)
ahyy "t =P (L4 (204 2)zay—1) (1 + (2 + Da_1y-2)
(mnglyngl o (L+ (28 + 2)woy—1)(1 + (2 + L)z—1y0) >
Tz 'yt =2 (14 (204 2)zoy_1)(1+ (204 D)z _1y0)
(azgygl(l + 2 1y-2) iZo (L4 (20 +2)z_2y—1)(1 + (20 + 3)$—1y—2)>

Tan—1

oYy "ot (14 (2i+ Da oy 1)(1 4 (20)r_1y—2)
2,y im0 (L4 (20 + D)zoy—1) (1 + (20)z—1y0)

Ly (B e (L 2+ 2y )1+ (20t mﬂ”))

2"yt =0 (L4 (204 2)zoy—1) (1 + (20 + 1)z—1y0)
Tz Yy, =2 (14 (20 + 2)zoy—1)(1 + (2¢ + 1)z_190)
xgyg“l(l + :r71y72) i=0 (1+ (20 + 2)30721171)(1 + (Qi + 3)“’71?/72)

n—2 . T_1Y_2 n—2 1
ig0(1+(21+1)z_1y—2> (Fz_19_2) il;lo A+ (2it3)z_1y_2)

2Byl "I @it De . )(+@)T 1y o)
eyt A TR EE Deoy— 1) (TH (202 -150)

n—2
_ . T_1Y_ 1
(1 + (?:02(1 + (2i+ 1)3971972)) ((1+xiyi2) 1:[0 (1+(2i+3)x71y72))>

T_1Y—2 )
((1+(2"—1)ﬂ”71972)
o zoyy =l (A+(2i+ 1)z _oy—1)(1+(29)z_1y_2) T_1y_2
(aﬁgyfgl im0 (+2i+1)zoy—1)(1+(29)z_1y0) >(1+<(1+(2n—1)z,1y,2))>
— T_1Y—2
N ( eyl no1 (A+QitDz sy )(+(2)z_1y_3)

o,y 5T L) @A Droy— 1) (TH2D)z—10) )(1+<2"‘1>””71y72+$71y72)

n—1
o uly e 1y (1+Q2i+Dzoy—1) 1+(2i)z_1y0)
x;’{y}f(l—&-(Qn)x,ly,g) (I+2i+ )z _2y—1)(1+(20)z_1y_2)
=0

n
z_1xlyyly (1+(2i+1)zoy—1)(1+(2é)z_1y0)
zH Yy (1+(2i+)z_2y—1)(1+(2i+2)z_1y—2)°
i=0
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and

Yan—4Tan—3
Zan—2 (1 + Yan—aZan—3)
( gy 2 (L (204 Da_ay—1)(1+ (20 + 2>m1y2>>
eyt iZo (14 (204 Daoy—1)(1 4 (20 + 2)z-130)
yoaloytyt n=2 (14 (204 Dzoy—1) (1 + (20 + 2)z_1y0)
(a:glyg(l +zoy-1) izZo (L4 (20 +3)z—2y—1)(1+ (20 + 2)96—121—2))

Yan—1 =

( ahyb o (14 (20)z_sy_1)(1 <2z+1>x1y2>>

y" 265"21 izo (14 (20)zoy—1)(1 4 (20 + 1)z -1%0)

wp s = (L (204 1)zay 1><1+<2@'+2>x1y2>>
m’iglyfgl izo (L4 (20 + Dzoy—1)(1 + (2i + 2)z—1y0)

( yo1zoy"yt =2 (14 (204 Dzoy—1)(1 + (20 + 2)z_150) )
Lo

1+

0y (I +22y-1) i=o0 (L4 (20 4+ 3)z—2y—1)(1 + (2i + 2)z-1y—2)

(n,72(1 2i+1) )) Yy-1r—2 nﬁZ 1
il;lo TEH)z—2y—1 (I1+x—2y—1) =0 (1 4+ (2i + 3)z—2y—1)

. "ot izo (L4 (20)moy-1)(1 + (3:*‘ 1z -170)
o (0 ) (e )

Y—1T—2
((1 +(2n — 1)96—2?1—1))
( abyb "=t (L (20)z_oy-_1)(1+ (2i+ Da_y_»)
yﬁzxi

- ehyl =t (L4 (20)e—ay—1) (L + (20 + Da_1y_»)
Y 2T _o

}30 (T + @)zoy D)1+ (2 T Dz_1y0)

(1 " ((1 T (213_—”5;72%1)))

_ Ylax" Sy 1w o ﬁ (14 (20)zoy—1)(1 + (20 + Dx_190)
rgyg (L4 (2n — a2y +y-17-2) ¢ (1+ (20)z2y—1)(1 + (20 + 1)z1y-2)

_ yaylaalsy H (14 (2)zoy—1)(1 + (26 4+ 1)z—190)
agyy g L+ (204 2)zoy—1)(1+ (20 + 1)z—1y—2)

Also, we can prove the other relations. The proof is complete. |l

The following Theorems can be proved similarly:

2.2. Theorem. Assume that {xn,yn} are solutions of the system

Tn—2Yn—1 y _ Yn—2Tn—1
9 1 .
Yn (1 - mn72yn71) nr Tn (1 - yn72mn71)

Tn+1 =
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Then forn=0,1,2,...,

Tan—2

Tan—1

Tan

TaAn+1

and

Yan—2

Yan—1

Yan

Yan+1

znye ’ﬁ (1= (20)z_2y-1)(1 — (2i + D)a_1y_2)
Yyt ieo (1 = (2d)zoy—1)(1 — (2 + )2 -130)

n—1

T_1T 2y 2 H (1 - (2t 4+ Dxoy—1)(1 — (28)x-1y0)
Yo i (1—(2i+Dx_oy—1)(1 — (2i + 2)z_1y—2)’

ety T (L= i+ 2z oy )1 = (2i + Dz _1y_»)
ayyly o (1= (2i+2)zoy—1)(1 — (20 + L)z —1y0)

y1z" Yy 1:[ (1= (2i + Dzoy—1)(1 — (2i + 2)z_1y0)
wiys T (1 — 2oy 1) g (1= (20 +3)z—2y—1)(1 — (2 + 2)z_1y-2)’

1=0

0 Yo H (1= Qi+ Dr oy 1)1 = (20)z1y-2)
moyyt iy (1= @i+ Daoy-1)(1 — (20)z-190)

n—1

Y-1T_2Y_2 H (1 — (Zi)xqu)(l — (2i + 1)1',1:1/0)
x5 Yo i—o (1= (2i+2)z_2y—1)(1 — (2 + D)z_1y_2)’

zgye nl‘[l (I1—2i+ 1Dz oy 1)(1— (20 +2)x_1y_2)
,2y72 =0 (1 — (2’L + 1)£L‘0y_1)(1 — (22 + 2)1‘_1y0)

r_1x” Qyn+1 (1— (204 2)xoy—1)(1 — (20 + 1)z—190)
M yr (1 —zy—2) | 1— (204 2)z_2y—1)(1 — (20 4+ 3)z—_1y—2)

=0

2.3. Theorem. Let {xn,yn} are solutions of the following system

ITnt+1 =

ITn—2Yn—1 y _ Yn—2Tn—1
y Yn+1 — .
Yn (_1 + -Tn—Qyn—l) * Tn (—1 — yn—Zmn—l)

Then forn=0,1,2, ...,

Ton—2

Ton—1

Tan

Ton+1

Yo H —1+4 (20)z_2y—1)(—1— (2i + 1)z_1y_2)
yEQm’l_Q i—0 -1 - 22 xoy 1)(_1 + (21 + 1)$,1y0)

zo120y” 2n —1— (20 4+ Dazoy—1)(—1 4 (26)x_1y0)

zhyr 1+ (20 + D)x_2y—1)(—1 — (2i + 2)z_1y_2)’

aotlys H < 14 (20 + 2)z_ay—1)(—1 — (2i + Da_1y_2)
oYty o (=1 = (2i 4 2)zoy-1)(=1+ (20 + 1)z -150)

n—1

y_1z" " (=1 = (2t + Dzoy—1)(—1 4 (2 + 2)z_1y0)
apys T (14w oy—1) g (F1+ (20 4+ 3)z2y—1)(—1 — (20 + 2)z_1y—2)’
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ehyl T (Cl+ 20+ Da_ay_1)(—1 — (20)a_1y—2)

v = st L O @i Doy ) (CT 1 @Deamo)
Yano1 = y—1272y" o (=1 = (20)zoy—1)(—14 (2 + 1)z_1y0)
" wpyy AL (T4 @2z oy )(—1— 2+ Dz 1y o)’
= T H (—14 2+ Dz oy 1)(-1 — (2 + 2)z_1y-2)
" ey, LT 00 Daoy—) (1 + (20 + 2)2_130)
o — Tz oy ! ’ﬁ (=1 — (2i + 2)zoy—1)(—1 + (2i + D)z_130)
" 75—l —w1y_2) 12 (—1+ (2 + 2z oy 1)(—1— (20 +3)z 1y 2)

2.4. Theorem. The solutions of the following system of difference equations
Tn—2Yn—1 y o Yn—2Tn—1
) 1= .
Yn (_1 - $n72yn71) nr Tn (_1 + yn72l‘n71)

are giwen by the following formula for n =10,1,2, ...,

In+1 =

n—1 . .
P L0 Yo (=1 -2z sy 1)(=1+ (2i+ 1)z 1y 2)
yraayt Et (14 (20)zoy—1) (=1 — (20 + 1)z—1y0)
P — T_1x" oy et (=14 (2 + Dzoy—1)(—1 — (28)z—1y0)
" wgys g (1= Qi+ Dzoy1)(—=14 (204 2)z1y-2)’
A a:g+1ynTi—[l —1—(20+2)z_2y—1)(—1+ (2i+ 1)z_1y—2)
! 27y 1+ (20 + 2)zoy—1)(—1 — (20 + L)z_1y0)
T y- wﬁély"g 1:[1 —1+ (2 + Daoy_1)(—1 — (2i + 2)z_190)
" w5y T (—1—a—2y—1) 21 (~1— (2i+3)z 2y 1)(—1+ (2 + 2z 1y 2)’
o = YD (1= it Droay1)(<1+ (20)7-1y-2)
" ayyyt it (=14 (2 + Daoy—1)(—1 — (20)2-130)
va L _ y71x712y’_12 ﬁ (—1 + (27;)$0y71)(—1 — (27,-|— 1)x,1y0)
" agyy g (F1— (20 4+ 2)z2y—1)(—1+ (20 + Dz_1y—2)’
g = W z;“"H% 1— (2i+ Dz oy 1)(—1+ (2i + 2)z 1y 2)
" aoymy Lt (=14 (20 + Dzoy—1)(—1 — (20 + 2)z—130)
Yant1 = zo1aoy"s TT (—1+ (20 + 2)woy—1)(—1 — (2i + Dz _1y0)
" Ty (L 1y ) by (1= i+ Dzay1)(—1+ 20+ 3)z_1y-2)’

2.5. Example. For confirming the results of this section, we consider numerical example
for the difference system (1) with the initial conditions x_2 = 3, z_1 =5, 20 = —4, y_2 =
2, y—1 =6 and yo = 7. (See Fig. 1).

LTn—2Yn—1 Yn—2Tn—1

3. The Second System: x,,1 = Iy Yntl = oy son1)

In this section, we obtain the form of the solutions of the system of two difference
equations

Tn—2Yn—1 Yn—2Tn—1
2 T = ) = )
( ) n Yn (_1 + xn72yn71) Yt Tn (1 + yn72xn71)
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plot of X(n+1)=Y(n—-1)X(n-2)/Y(n)(1+Y(n—-1)X(n-2)),Y(n+1)=X(n—-1)Y(n-2)/X(n)(1+X(n-1)Y(n-2))
10 T T T T pr—

I

>£(ﬂ)
——y(n)

x(n).y(n)
o

-10 ! ! ! ! !

Figure 1

where n € Ny and the initial conditions x_2, x_1, ®o, y—2, y—1 and yo are arbitrary
. 1
non zero real numbers with x_1y0, z—_2y—1 # 1, =, and zoy—1, x_1y—2 # £1.

The following theorem is devoted to the expression of the form of the solutions of
system (2).

3.1. Theorem. Let {xn,yn} >, be solutions of system (2). Then {x,};>°, and

n=—2 n=—2
{Yn ::Lz are given by the formulae forn =0,1,2, ...,

- m%nygn(—l+2m,2y71)n(_1+m71y,2)n(1+x71y72)n
y2na? (=1 + 2o 1y0)2n ’

pann = zay?5a?y (=1 + 2z 1y0)" (-1 + zoy—1)" (1 + zoy—1)"
" 23" Yg" (=1 + x—2y-1)*" ’

a" " (~1 4+ 22 0y—1)" (=1 + 2 1y—2)" (L + 21y—2)"

Tgn = ,
§ y?ha?y (=1 + x_1y0)*"

. yo1y2a?s (=14 2z 1yo)™ (=1 4 woy—1)" (1 + oy —1)"
8n+1 xgny(Z)n+1 (_1 + ZL'_Qy_l)2n+1 )

Tent2 = xgn+1y(2)n+1(_1 +225y_1)" (=1 +z1y—2)"(1+z_1y—2)""
" P (<1 + o ayo) 2t ’

z a2y 2 (=14 22 1y0)" (=1 + moy—1)" (1 + oy —1)"
T8n+3 = — x3n+1y8n+1(_1 + @ gy 1)t ’

2y Pyt (14 2z oy 1) T (=14 2y )" (L+ a1y o)
Tenta = — y2T§+1x2f§+1(—1 + 2_1y0)2n+1 ’

varss — Y1y e (1 + 22 yo)" T (— 1+ zoy—1)" (1 4 zoy—1)" !
n-+ xgn+1y(2)n+2(_1 + C11,72y71)2n+2 )




Ysn—2

Ysn—1

Ys8n

Y8n+1

Ysn+2

Y8n+3

Y8n+4

Ys8n+5

1371

x%ny?n( 1+m72y71)2n

Y2y (=1 + 2z 1yo)™ (—1 + zoy—1)" (1 + zoy—1)"
Y1y (=1 + 2_1y0)*"

25 Yo (—1+ 2z 2y—1)"(—1 + z_1y—2)" (1 + 2_1y-2)"
x2ny2n+1( 1+w72y71)2n

Y2 (=1 + 22_1y0)" (=1 + woy—1)" (1 + zoy—1)"
T y2n+1 2n( 1+l’ 1y0)

2T hy2n (1 4 20 oy ) (=1 + z_1y—2)n(1 + z_1y_o2)"+L’
2Ty (1 f o _py_q)P T
Y22 (=1 + 22_190)" (=1 + oy—1)" (1 + moy—1)"+1’
yo1y?y e (1 4 xgyo)? T
zg" et T (=14 2z oy )" (=1 H zoay—2) (1 + o1y—o)" 1

2n+1y§n+2( 1+$72y71)2n+1

Y (=14 20 ay0) (=1 4 moy—1)" (1 + moy—1)" T

T_ y27§+2 2:1+1( 1+$_1y0)2n+1

7mgn+2y(2)n+1(_1+2x72y71)n+1(_1+x71y72)n+1(1+x71y72)n+1'

Proof. For n = 0 the result holds. Now suppose that n > 0 and that our assumption
holds for n — 1. that is,

T8n—10

T8n—9

T8n—8

T8n—7

T8n—6

T8n—5

T8n—4

T8n—3

ao" Pyt (=14 2m oy )" (14 2y )" (I a oy )"

Y2y 22y (<1 4 woayo) 22

w1y 2?7 (<1 4 20 1y0)" (=1 4+ 2oy—1)" " (1 4 zoy—1)"
mg" 2y§" (=14 z_oy_1)2n2

2"yt (14 22y )" T (1 moay—2)" (L )"
Y2y 22y 2 (=1 4 wo1yo)?n 2

I

—1

)

I

y—1y2y 2y (=14 22 1g0)" (=1 + @oy—1)" (L 4+ woy—1)" !

Sl (G RNV VRS L
a" " (14 220y )" (=14 way—2)" T (A4 zoay—2)”
y2y ey (<1 aoayo) !
w1y e (<1 4 22 1y0)" T (=1 + woy—1)" " (1 + moy—1)"
- ) Tyt T (=1 gy )2t
Cagye T (=14 2r 0y )" (<1 aoay—2)" (L4 aay-2)"
Y (=1 4 2oy 2l
y-1yZy ¥ (=1 + 2e-1y0)" (=1 + woy-1)" (1 + woy-—1)"
2o yg (=1 + zoay_1)?n

I

I

)
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and

xgn 2y§n 2( 1+m_2y_1)2n—2

BT TR 4 2emye) (<L woy-) " (L oy )

Y 1y27; 2 2n 2( 1+ZE 1y0)2n72
yon=e zg" Pye" (1 4 220y 1)" H=l+zay—o)" Y (1+z_1y—o)t’

x(Q)n ngn 1( 1+x72y71)2n72

B T T (S 4 2o ayo)™ (=L + woy_1)" (1 + zoy_1) L
1y e A (— 1+ woqy)®
S T T T (I 2o gy )" (L a1y2) (L 2o1ya)"
oyt T (1l oy 1)
B T P T (Ll 4+ 22 1yo) (—1 + woy— 1) (L + woy_1)"

2n—1,_2n—1 2n—1
_ y-1yZy 2y (=1+a-1y0)
Ysn—s5 = 2n—1, 2n—1

"y (14 2z oy ) (1t ay o)t (L 2y o)
wg" gt (1 aoay—1)™ !
T T T (T 4 22 1y0) (— 1 + woy—1)" (1 + zoy—1)"
1y N (— 1+ 2_1y0)®" !
B T T (Tl 20 sy ) (14 w1y o) (L 2 1y-o)"

Now it follows from Eq.(2) that

L8n—-5Y8n—4
Ysn—3 (—1 + Tgn—5Ysn—a)

T8n—2 =

Cwoay?y ey (=1 4 200y0)" T (<1 4 2oy—1)" T (1 + @oy—1)"
xgn lygn l( 1+x_2y_1)2n—1

ag" Ty (<l aweaya)*
< e (=1 4 22 1y0) " (=1 + moy—1)" (1 + zoy—1)"
- vy (<1 4 woayo)
< 2" 1 —142z_oy—1)"(—1+a_ 1y_2)"(1+1’_1y_2)”>
1+< - y”; 2 5 (L 20 0) (- 1+xoy1>"1<1+moy1>">
"y (-l aay 1)t
< 22120 (1 — g_gy_q)2nl >
Y2y a2y (=1 4 22 -1y0) ™ (=1 + woy—1)" (1 + zoy—1)”

—z_1y? (=1 4 zoqyo)? (_1+ T_1Yo )
3 an 1( 142z oy—1)"(—14+z_1y—2)"(1 + z_1y—2)" —1+2z_1y0
Czoayord "y T (=14 2z 0y )" (14 zoay—2)" (1 + zo1y-2)"
o1y (=1 + z1yo)2 1 (1 — 2210 + 2—1%0)

25" y" (—1+ 2z 2y—1)" (=1 + z_1y—2)" (1 + z_1y-2)"

Y2y (—1+ o oayo)?

I
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Ysn—5T8n—4
IL8n—3 (1 + y8n75x8n74)

Y1y a2y (=1 4 zaye) !
2n71y2n71

Ysgn—2

2"y (1 2z ay ) (-1 zay o) (L zoay—2)”
(553"93"_1(—1 20 0y-1)" (=1 +z1y—2)" (1 +2_1y—2)"

Y2 e (1 4 woyo)?n

(y—ly%élx%z(—l + 2z _190)" (=1 4 zoy—1)" " (1 + xoy—l)")

zo" Tty (=14 zoy-1)?"
- y—ry2y ey (=1 4 aay)® !
et TN (14 2z oy ) (1 zay2) (M Ty )"

2n—1_2n—1

a1 2r 0y )" (<l aoiy-2)" (L aay-o)”
yZy ety (-1+woaye)? Tt

—T0Y—1

T (v (1t 22 ayo)" (<Lt woy 1) (L + zoy1)"
2n—1_92n o (1*1011—1)
2" yg (=1 + z_2y—1)
2n—1, 2n

_ zoy123" 'y (—1 4z oy—1)™"

yo1y2s e (=14 2z 1yo)" (=1 + zoy—1)" (1 + zoy—1)" (=1 + zoy—1)
B 3" yo" (14 x oy _1)*"

2n—1_9n

Y2y a2 (=1 4 22-190)" (—1 4 2oy—1)" (1 + zoy—1)"

Also, we see from Eq.(2) that

T8n—4Ys8n—3
Ysn—2 (—1 + Tgn—aYsn—3)

(_ e ye" T (14 220y 1)" (1 + 2o1y—2)" (1 + 131212)")

Tgn—1

v e (1 4w yo)?n

B zoay?sa?ly (—1 4z oayo)® !
a3y T (=14 2z oy ) (—1 4z ay )" (1 +z 1y 2)"

23 Yo" (=1 + ay—1)*"
Y2y (=1 4 22-1y0) (=1 + oy—1)"(1 + zoy—1)"
14 ( o Yo" (=14 2z oy )" (—1+zay o) (1 + xlyz)">

vy ey (=1t aoay)

_ o1y (=1 + zoayo)® !
a3rye" (=14 2z oy ) (=1 4+ zy-2)" (1 + 21y —2)"

_ <(_1ﬁ:;y:12_2)>

( 23" yg" (— 1+ _oy_1)>" ) (_1+ T—1Y-2 )
v (

2 1e2n (—1420_1yo)" (—1+woy_1)" (L+zoy_1)"

—1+2x_1y—2)
zo1y—2y?y 2 (=14 22-1y0)" (=1 + 2oy—1)" (1 + zoy—1)"
- 23" yg" (—1+z—2y—1)>" (1 —2_1y—2 + T_1y-2)
w_1y?yx?h (=1 + 22-1y0)" (=1 + xoy—1)" (1 + xoy-1)"

a3y (=1 + @2y -1)™" ’
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and

Y8n—4T8n—3
Zan—2 (1 + Ysn—aTgn—3)

Ysn—1

B 2" et (1 woy—1) !
v e (=1 4 20 1yo)™ (=1 4 zoy—1)" N1 + moy—1)™
2n—1_2n

Y17 e (1 4 22 1yo) " (—1 + zoy—1)" " (1 + zoy—1)"
A T G R R L

23"y (1422 oy 1)"(-1+z 1y 2)"(1+z 1y 2)"
Y2y (=1 + 2 1yo)?

(- AR+ 0y )

2n—1_2n-—1

Yo oy (=1 + 2z-1y0)" (1 + zoy—1)" (1 + zoy—1)"
<y1y27§_1$2"2(—1 +2x_1y0)" (=1 +zoy—1)" ' (1 + woyl)")

a" g (— 1+ wmay—1)?"

()
(-1+z 2y1)
20"y (1422 oy )" (-1+z 1y 2)"(L+ 2 1y-2)"
y2a? N (=1 + 2 1yo)?
—T-2Y-1
|
( ((—1 +$72y—1))>
2n _2n—1

—z_py_1y2%2?y T (— 14z _1y0)?"
@yt (—1+22_oy_1)"(—14+z_1y_2)"(1+z_1y_2)"(—1+z_2y_1-z_2y_1)

Y1522 (=1 + 2_1y0)*"
e3rys" (=1 + 2z oy—1)" (=1 +z_1y—2)" (1 + z_1y—2)"
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We get from Eq.(2) that
L8n—3Y8n—2
Ysn—1 (—1 + Tgn—3Ysn—2)
Y1y a2 (=1 + 22 1y0)" (=1 + oy—1)" "' (1 + xoy—1)"
20" T e (1 way-1)?"

( 3" yg" (—1+ x_oy_1)*" )

T8n =

Y2y a2 (=1 4 22-1y0)" (—1 + zoy—1)" (1 + zoy—1)"

( y_1y2a? (=1 + x_1y0)>" )
3 yg" (=1 + 2z 2y—1)" (=1 + z_1y—2)" (1 + z_1y—2)"

14 y—1y27§1952”2(—14-295—11/0)”(—1+$oy—1)"_1(1+5602/—1)“>

" g (1 + T ay 1)

2"y (1 +x oy 1)*"

Y2y ey (=1 + 2z 1y0)" (—1 + woy—1)" (1 + zoy—1)"

Toy—1
((—1+$0y—1)>

Y1922 (—1+x_1y0)>" ToY—1
(ﬂf%"y%"(*1+29J72.1171)"(*1+3f71y72)"(1+$71y72)”) <71+ -1+ l’oy71>
2oy—128"y5" (=1 + 2¢_2y—1)" (=1 + 2_1y—2)" (1 + 2_1y-2)"

Y-1y2%22 (=1 + 2-1y0)*" (1 — Toy—1 + Toy—-1)
"y (14 2z oy )" (142 1y 2)"(1+ 21y 2)"
Y22y (—1 + z-1y0)?" ’

and

Y8n—-3T8n—2
Zen—1 (1 + Ysn—3Tsn—2)

_ o1y (— 1+ zoaye)® !
xény,

Ysn =

2n—1

o0 (14 2z oy ) (14 zay-2)"(1+z1y—2)"
23"y (—1+ 22 0y )" (=L + 2 1y-2)" (1 +x1y-2)"
< y2a?y 7 (1 + zo1yo) " >
z_1y?a? (=1 + 2z 1y0)" (=1 + zoy—_1)" (1 + :Eoy71)n)
gy (1 + @ oy-1)*"
14— r_1y?a?y (=14 2_1y)®" )
wdrys" (=14 20 oy 1) (—1 4+ 21y—2)" (1 + 2_1y—2)"

20"y  (—1 42z oy )" (—14+z 1y 2)"(1 + 951y2)">

Y22y (—1 4+ zo1yo)?”

22727 (_11g on [ _ T-1Y0 >
o Yo (=1+z_2y_1) < (71+x_1y0)

z_1y? a2 (= 1422 _1y0)" (—14+zoy—1)" (1+zoy—1)" (1*

T—-1Y0 >
—1+z_1y0
—z_1yoxd"yg" (—1+z_oy_1)>"
w1y 22" (= 1422 _1y0)" (—1+zoy—1)" (1+2oy—1)" (—1+2z_190—=_1v0)
2n, 2n+1 2
gy T (=1 woy1)*"

y#a? (=1 + 2z 1y0)" (=1 + zoy—1)"(1 + zoy—1)"

Also, we can prove the other relations. This completes the proof. i
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Here, we consider the following systems and the proof of the theorems are similarly
to above theorem and so, left to the reader.

ITn—2Yn—1 Yn—2Tn—1
3.1 Tn = s Yn+l = .
( ) i Yn (_1 - xn72yn71) Yt Tn (1 - yn72xnfl)
In—2Yn—1 Yn—2Tn—1
3.2 Tn = nil = 4
32 i Yn (1 + Tn—2yn—1)’ Yt = T (=1 — yn—2xn_1)

Yn—2Tn—1
Tn (_1 + yn72xnfl) ’

Tn—2Yn—1
3.3 In = y Yn =
( ) +1 Un (1 — mn—Qynfl) Yn+1

The following theorems is devoted to the expressions of the form of the solutions of
systems (3), (4), (5).

3.2. Theorem. Let {xn,yn} >, be solutions of system (3) and z_1yo, T_2y_1 #

n=-—2

1
—1,-35, and zoy-1, T_1y—2 # 1. Then forn=0,1,2,...,

23"y (1 + 2z 0y 1)"(1 —z1y-2)" (1 +z_1y—2)"
L8n—2 - 2n .2n—1 on ’
y*52”y (1 + 2-1yo0)

. zo1yZhe?s (1 + 22— 190)" (1 — oy—1)" (1 + zoy—1)"

8n—1 w%”y%"(l ¥ x72y71)2n )

P zg" T ydt (14 22 _0y—1)" (1 — x—1y—2)" (1 + z_1y-—2)"
" Y252 (14 x—1y0)%" ’

y1y2a® s (14 22 1y0)" (1 — oy —1)" (1 + zoy—1)"
L8n+1 - - 2 5

w3y (L 4 oy 1)t
Temis = I 225121?#1)"(1 —zo1y—2)" (1 + l’fly—z)"’
yI5 2 (14 2o1yo)®
A zoay?5 e (14 22 1y0)" (1 + woy—1)" (1 — woy—1)"

2n+1, 2n+1 )
"yt (Lt way 1 )P tt

- w4 22 ey )" (L moay—0)" (1 - oay—)™ T
8n+4 - -
+ yg’éﬂxi"jl(l + z_1yo)2nt! ’
Y1y e (14 22 ayo)" (L 4 2oy—1)" (1 — oy —1)" !

T8n+5 - - mgn+1y3n+2(1 + $72y71)2n+2 )




and

B 23" y3" (1 + z 2y 1)
Ysn—2 = on—1_on

Y25 2 (14 2z _1y0)™(1 — zoy—1)"(1 + zoy—1)"’
yo1y?a? (1 + 2 1yo)™

2n

Yot T g (Ut 2o 2y (1 — 21y—2) (1 + 2_1y—2)"
Ysn = on .2n xg”y§"+1(1 +$—2y71)2n )
y25w?% (1 + 22-190)" (1 — 2oy—1)"(1 + Zoy-1)"
B 1y e (1 + 2 o1y0)™”
Ysn+1 = w3n+1y3n(1 + 2x72y71)”(1 + x71y72)"(1 _ I71y72)n+17
Ysn+2 = T 2n+1 x3n+ly(2)n+1(1 ha x_2y_1)2n+1 )
y25”5T (1 + 22 -1y0)™ (1 4+ woy—1)" (1 — woy—1)"**
y1yZ5 e (1 4 @ oayo)? !
T (1 20 oy ) (L a1yo) (L — a1ya)
_ 2o TSP (L 4 ooy )
T T (1 20 1g0) (1 + woy—1)" (1 — aoy_1)"
z_1y? 2 (1 + g y) !
Ysn+5 =

x3n+2y3n+1(1 + 2$,2y71)”+1(1 + x71y72)n+1(1 _ $71y72)"+1 :

1377

3.3. Theorem. Assume that {zn,yn} are solutions of system (4) with x_1yo, x_2y—1 #

1
—1,-35, and zoy-1, T_1y—2 # £1. Then forn=0,1,2,..,

23"y (L+ 2z oy 1) " (—1+ax1y2)" (-1 —z_1y-2)"
L8n—2 - 2n .2n—1 on ’
y*5xy (1 + 2-1yo)

- 2o1yZ5a? (1 + 20 190)" (=1 + zoy—1)" (=1 — zoy—1)"
el 23" yg" (1 + x—2y—1)" '

P zg"ydt (1 + 296—22;—1)2"(—1 +z1y-2)"(-1— x—ly—z)"’
Y252 (14 x-1y0)*"
N y1yZsay (1 Jg 237271310)"(—1 + woy-1)" (=1 - ivoyfl)"7
gy (L4 @ oy 1) !

wg" Ty T (L 220y )" (—1 H 2oay-2)" (=1 —zoay-2)" !
T8nt2 = yzré-i,-lmznz(l + x71yo)2"+1 )

. _w—lyzréﬂfvgﬂ(l + 22 1y0)" (=1 4 oy—1)" (=1 — zoy—1)""
8n+3 x3n+1y(2)n+1(1 + @ gy 1)2ntl ’

mg"+2y§n+l(1 + 2x_2y_1)”+1(—1 +xo1y-2)"(=1— x—ly—Q)n-H
T8n+4 = y27§+1x27;+1(1 +CC—1Z/0)2"+1 )

Y2y ety (L 20 0y0)" T (=1 +woy—1)" (=1 — woy-1)" !

T8n+5 - wgn+1y3n+2(1 + x,2y71)2"+2

)
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and

Ysn—2

Ysn—1

Ysn

Ysn+1

Ysn+2

Y8n+3

Ysn+4

Ys8n+5

23" y3" (1 + z 2y 1)

Y2y a2 (14 22 1y0)™ (=1 + oy—1)" (=1 — zoy—1)"’
Y1925 (1 + z-1y0)*"
25" yg" (1 + 2z —2y—1)" (=1 + z_1y—2)"(—1 — z_1y—2)"’
2"y T (L + zoy—1)*"
Y2522 (1 + 2z1y0)"(—1 + @oy-1)" (=1 — oy —1)"’
z 1y e (1 + 2 _1y0)™"

wg" Tygr (14 2z -0y-1)" (=1 + zo1y—2)" (=1 — z_1y—2)"H1

2n

$gn+1y§n+1(1 4 $—2y—1)2n+1
Y25 (14 22 1y0)™ (—1 + zoy—1)"(—1 — oy —1)"+?

Y1y s e (1 + 2 oay)

a2 4 22 oy 1)L (<1 zogya)t(—1 — zogy_2) L

I(Q)n+ly§n+2(l +w72y71)2n+1
Y2 e (1 4 22 1yo) (=1 + moy—1)" (=1 — moy—1)" !
zoy? e (1 + ooy yo) Tt

222 (1 4 2p oy )t (L4 @y o)t (=Ll —a gy o)t

3.4. Theorem. Suppose that {x,,y.} are solutions of system (5) such that x_1yo,

1
T_oy_1 # 1, > and xoy—1, x_1y—2 # 1. Then for n =0,1,2, ...,

T8n—2

T8n—1

T8n

L8n+1

T8n+2

I8n+3

L8n+4

T8n+5

23"y (=1 + z1y—2)™"
Y22y (=1 2zoy—1)" (=1 + z—1y0)" (1 + z—130)"
x_1y25 (=1 + woy—1)>"
25"y (1 + 22 1y—2)" (-1 + z—2y—1)" (1 + z_2y—1)"’
"y (1 4 oay—2)"
Y222 (=1 4 2z0y—1)" (=1 + z—1y0)" (1 + z—1y0)"
y-1yZ5a2 5 (=1 + woy—1)""
wdmys" (=14 2z 1y—2)" (=1 + z_2y—1)" (1 + z_2y—1)" 1
ag" Ty T (-l aoay)* T
Y25 a2 (=1 4 2z0y—1)" (=1 + 2—1y0)" (1 + z_1y0) "+
o1y P (1 4 moy—1)? !
ag" Ty T (=1 2z o1y —a) T (= oy ) (L gy 1)t
zg" Py (-1 4 iy o)
Y2y e (=1 4 2moy— 1) (=1 + o1y0)™ (1 + z—1y0)"
y-1y25 a2 (<1 4 woy—1)* !
a2 (1 4 201y o) (1 4 @_ay_ 1) (1 z_oy_1)n L
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plot of X(n+1)=Y(n—-1)X(n-2)/Y(n)(-1+Y(n-1)X(n-2)),Y(n+1)=X(n—-1)Y(n-2)/X(n)(1+X(n-1)Y(n-2))
3

x(n)
2r ——y) %

x(n),y(n)
o

Figure 2

and
Ysn—2 = 2n—1, 2 mgny%( Lt $72y71)2"
vy w?y (=14 22-1y0)" (=1 + Zoy—1)"(1 + Zoy—1)"
ot = y-1y25a 25 (=1 + 2_1y0)*"
25" yg" (=14 2z 2y—1)" (=1 + 2_1y—2)"(1 + z1y—2)"
Yan = 2n .2n xQ"ygn'H( L mi?yil)%
Y2522 (=1 + 22-1y0)" (=1 + zoy—1)"(1 + zoy—1)"
_ w1y e (<1 4 zoyo)®”
ST A (T 20 sy 1) (L 2o1y—2)"(— 1+ e1y—)"
Ysn+2 = T oo Q”Hy?)"“( s x_zy_1)2”+1 »
Y25y (=14 2z-1y0)™ (1 + oy—1)" (=1 + zoy—1)"*+?
B Y- 11/3"“ 2_n+1( 1+ $_1y0)2n+1
T T (L1 1 20y ) (L o1y2) (— L+ 2_1y_a)
Ysnt+d = n+1_2nt1 $§n+ly§n+2(—1 +w72y71)2"+1 ,
yy T (=1 + 22—1yo)" T (1 + woy—1)" (—1 + oy—1)" !
B T_ 1y2n+2 2n+1( 1 _"_ m71y0)2n+1
s T TR (L 200y ) (L4 2oy—2) P (L aaya)

3.5. Example. We consider interesting numerical example for the difference system
(2) with the initial conditions x_» = 0.3, z_1 = 0.15, zo = —0.4, y_o = 0.2, y_1 =
—0.16 and yo = 0.17. (See Fig. 2).

i . _ ZTn-2Yn-1 Yn—2Tn—1
4. The Third System: x,; = It son 1) Yl = oridymawn D)
In this section, we get the solutions of the system of the difference equations
Tn—2Yn— _oXp—
(6) Tl = n—2Yn—1 ) Yngl = Yn—2Tn—1

n (_1 + yn—2xn—1) ’

wheren = 0, 1, 2, ... and the initial conditions x_2, z_1, xo, y—2, y—1 and yo are arbitrary

Yn (1 + zn—Qyn—l)

nonzero real numbers with z_1yo, x_2y_1 # £1, and zoy—1, x_1y—2 # 1, 5
The following Theorems can be proved similarly as the previous section.
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4.1. Theorem. If {xn,yn} are solutions of difference equation system (6). Then for
n=0,1,2, ..,

x%nan( 1+$71y72)2n
Y2 (=1 4 2 yo)™ (1 + 2_1y0)" (=1 4 2zoy—_1)"

z_1y2ha?(—1 + zoy-1)*"

T8n—-2 = n—1

Ten—1 =
. 23" ye (-1 +2z_oy—1)"(1 + z_2y—1)" (=1 + 2z_1y_2)"
. B I(Q)n-&-l Qn( 1+$ - 2) n
8n -
Y2522 (=1 + z—190)"(1 + z-1y0)" (—1 + 2z0y—1)"
. B Y lanxQn;fl( 1+x0y_1)2n
8n+1 - Py
wrye" T (=1 + 2oy 1)t (1 + 22y )"t (=1 + 201y 2)"
2n+1, 2n+1/ 2n+1
Ten+2 = 2n+1 .2 20 Yo (Lteoiy-s)
yo et (=1 4+ 2_1y0)" (1 + z—1yo)™ (=1 + 2zoy—1)"
. zy?y ey (=1 4 woy 1)
8n+3 = n n
zo" Myt (=1 2oy )" (1 + 2 ooy—1)" T (=1 + 221y o)™t
Tn4+4 = x§n+2ygn+1(_1+x71y72)2n+1
P (1 + ooiyo) (1 + 2o1y0) T (=1 + 2zoy—1)n
Y 1y2r§+1 %n+2( 1+£L’0y 1)2n+1
Tents =

zg" e A (=1 ooy )L wooy— 1) (=1 4 201y o)t

and

R o'y (-1 + @ ~2y- 11)"( tooy-1)"(=1+4221y-2)"
vy a2y (=14 zoy-1)™"

y-1y25a 2 (=1 + z_1y0)" (1 + &—130)" (=1 + 2x0y—1)"

Yot o yg" (—1 + 2 ay-—2)?" ’

2"y T (142 oy )" (L4 oy-1)" (=14 2z 1y 2)"

’

Yoo = Y22 (=1 + woy—1)*" ’
wo1y?5 ey (<1 + xo1yo)" (1 + z-190)" (=1 + 2z0y-1)"
Ysnt1 = 2nt1, 2n J

" T yg (=1 F xo1y—2)?n L
$§n+1y§"+1(—1+$ 2y-1)"(1+z oy )" (1422 1y 2)"

Ysnt+2 = 2 x2n+1( 1+ zoy_1)2n+! ,
Ysnt3 = _Y= 1y e 3n+1(2 1+'1‘ Jgjlrzl/o)n(l +xo1yo)" (=1 + 2560?/71)”7
"y T (=1 woay—2)nt!
Ysnis = _mt Ty P (1 + ﬁ i?ld ;):El +z_oy—1)" T (=1 + 221y )" |
vy ey (=14 moy—1)? !
Yomis = x_1y2,7§+2x2j;+1(_21 ;:x;lf?) 1+ x—lyo)"ﬂ(—l + 2x0y_1)"+1 |
g Ty T (=1 4 2oy —2)?nt?

4.2. Theorem. If {xn,yn} are solutions of the following difference equation system

Tn—2Yn—1 y _ Yn—2Tn—1
y Yn+41 — 3
Yn (_1 - 1‘n72yn71) + Tn (1 + yn72xn71)

Int+1 =

where the initial conditions x_2, r_1, To, Y—2, Yy—1 and Yo are arbitrary nonzero real

1
numbers with x_1yo, T—_2y—1 # =*1, and xoy—1, T_1y—2 # —1,—5. Then for n =
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0,1,2, ...,
P 25" y" (1 + x_1y—2)*"
Y25’y (=1 + zoayo)™ (1 + x-1y0)" (=1 — 2zoy-1)"
I zo1y5a?y (1 4 moy—1)*"
" yg" (—l 4z 2y—1)"(1 +z2y-—1)" (-1 -2z 1y 2)"
Tgn = 2n .2 ﬂc?)"“yz"(ler — 2) -
Y252y (=14 2 1yo)™ (1 + 2-190)" (=1 = 2zoy 1)
Ten+l = o oo - 1y23w2’§+1(1+moy71)2"
2"y T (1t woy1)" (L + 2 2y—1)" T (=1 - 221y -2)"
Tgnt2 = — 2n+1 2" 2"+1y2"+1(1+w71y72)2"“
yZ 5(—1+z-190)" (1 + z-190)" T (=1 — 2z0y—1)"
T8n+3 = T o1 ontl - lanH 2n+1( + 2oy-1) )
"yt (Lt oy ) (1 way 1) (=1 = 22y o)t
Zonrt = 222 (] gy _p)?n |
yZ5 T (=14 o)™ (1 + 2-ayo) T (=1 — 2woy 1) !
Y y2n+1 2n+2(1+$0y71)2n+1
T T T I R (L gy ) (L4 aay 1)t (—1 — 22y o)™
and
R 3"y (—1+ 2 2y )" +zoy—1)"(-1-2z_1y2)"
Y2y ey (1 4 woy—1)n ’
R = e G 1+2$ 12?/0) (I+z-1y0)" (—1—2900?/71)"’
23" yg" (1 + 2—1y—2)*"
P T Gt 2y 12)n(1+$—2y—1)"(*1*2m—1y—2)n7
Y2522 (1 + woy—1)%"
o y?y ey (<1 4+ 21yo)" (1 + 2-190)" (=1 — 2z0y—1)"
Ysnt1 = 2n+1 o )

Yo" (1 + z-1y—2)?nt!
$3"+1Z/3n+1(—1 trooy )" (L4 zooy-1)" (=1 —2z1y-0)"

Y8&n+2 - - P} 1
Y2 (1 + woy—1)?n 1

’

oy e (1 woayo) (L4 oayo)" (=1 = 2moy—1)"
Ysn+3 = x2n+1 2n+1(1+x 1y 2)2n+1 )
Ysntd = wo" yp" (1 $2 231 12) S ooy (o1~ 2eoay-2)™ ;
yZo Ty (14 zoy-1)?
e WP (1 2 ayo)" (1 + 2o1yo)" (=1 — 2z0y_1)" T
Ysn+s5 = x3n+2y(2)n+1(1 +1:_1y_2)2n+2 .

4.3. Theorem. If {z,,yn} are solutions of the difference equations system

Tn—2Yn—1 y _ Yn—2Tn—1
y Yn+41 — )
Yn (1 - xn72yn71) * Tn (_1 - yn72$n71)

Tn+1 =

where the initial conditions x_2, r_1, To, Y—2, Yy—1 and Yo are arbitrary nonzero real

1
numbers with x_1yo, T_2y—1 # =*1, and xoy—1, T_1y—2 # —1,—5. Then for n =
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0,1,2, ...,
A o y3" (1 + x-1y—2)*"
y?2?y (1 — 2o1yo) (1 4 z—1y0)™ (1 + 2z0y—1)"
R zo1y25a?y (1 4 zoy—1)>"
2" yg" (1 — 2z 2y-1)" (1 + 2 —2y-1)"(1 + 2z 1y-2)"
o et (L4 o1y —0)™
T Py (T 2 o) (1 a190)" (1 + 200y 1)"
T8n+1 = 2n+1 - 1y2gm2_n2+1(1+m0y 1)2n
23"y (1 = w—2y—1)" (1 + w_2y—1)"(1 + 220_1y—2)"
_ "y (L ey o)
TR T TP (1 4 o yyo) (1 — 2o1y0)" 1 (1 + 2z0y—1)"
T8n+3 = 2T EnTl 2oy oy (Lt aoy-1) " )
(I +z—2y—1)"(1 — z—2y—1)" " (1 + 2z_1y—2)" "
mgn+2 2n+1(1+x Ly 2)2n+1
et = P e (L amayo)™ (L — 2—1yo)" (1 + 2zoy—1)" L
T8n+5 = 2n+1_2n-+2 - y2g+l 3n+2(1+x0y_1)2n+1 )
2" Ty T (1t way— ) (L — oy 1) (14 22 gy o)
and
Yo = 2" yg" (L + z_oy—1)" (1 — z—2y— 1)"(1+2$71y—2)n7

Y2t (1 + moy—1)2"
2n _.2n

” _ oyt (L4 2oayo)" (1 — 2-1yo)" (1 + 220y—1)"

8n—1 .’L’Qny2n(1+l’_1y_2)2n )
" _ mZny§n+l(1+I 2y 1)”(1—$72y71)n(1+21‘71y72)n
" Y2322 (1 + zoy—1)*" ’

z oy e (L4 2 ay0)" (1 — -1y0)™ (1 + 2oy —1)"

Ysnt1 = — n :
m(Q) +1 2n(1 +x_ 1Y— 2)2n+1
_ "My (A eay )" (1 — ey )" (14 22 1y-0)"
Ygnt2 = — 2 2n1 ;

Y255t (14 woy—1)>Ht
Y1y e (U 2 ayo) (1 — 21yo)" T (1 4 2m0y—1)"

Ysn+3 = 2n+1y(2)n+1( +a_qy_g)2ntl ’
)"

" ) B x2n+1 2n+2(1 + 2Y_1 (1 _ m72y71)n+1(1 + 2I71y72)n+1
n+ - - n n )
y32+1 272“(1 + moy—1)2"H!
L aoay?y e (1 aoayo)" (1= w—ayo)™ (LA 2a0y-1)"
Ysnt+s = .

2o PPy (1 + gy )2t

4.4. Theorem. Assume that {zn,yn} are solutions of the following system with the
initial conditions r_2, r_1, To, Y—2, Y—1 and Yo are arbitrary nonzero real numbers

. 1
with x_1y0, T_2y—1 # 1, and xoy—1, xT_1y—2 # 1, 3

Tn—2Yn—1 y _ Yn—2Tn—1
5 1 — .
Yn (_1 + xn72yn71) i In (1 - yn72xn71)

Tn+1 =
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Then forn=0,1,2,...,

2n, 2n 2n
65" yo" (=1 + x1y-2)
Tgn—2 = o an1

Y2’y (=14 zo1y0)™ (1 + x-190)" (=1 + 2z0y—1)"

van i — x_1y25a? (=1 + woy_1)*"

" a2 (—1 4+ z_oy—1)"(1+ z_2y—1)"(—1+ 2z_1y_2)"

s _ x2n+1 2n( 1+JI 1y 2) n

" Y2522 (=1 + 2_1y0)" (1 + 2_1y0)" (=1 + 2x0y—1)™

. _ Y1523 (=1 + zoy—1)*"

8n—+1 -

" 2y T (1 2oy 1) T (1 + 3oy 1) (=14 2z 1y o))"
_— _ $3n+1y2n+1(1—$ 1y 2)2n+1

Y2 ey (=1 + zayo) (1 + z-1y0)™ (—1 + 2zoy—1)"
T_ y27;+1 2n+1(1 _$Oy71)2n+1
s 3 - 3
" ag" Ty T (=1 ooy ) (L zooy— 1) (— 1 201y-2)" Y
:rgn+2y2n+1(1_x 1y 2)2n+1

L8n+4 =

* Y P (1 + 2 oayo) (=1 4+ 2—1y0)" T (=1 + 2zoy—1 )"t

vy ey (1 — woy 1)
L8n+5 = - Iy poy )
g Ty (1 oy 1) (L zoay 1) (=1 201 yo)
and
w1+ w oy )" (L4 way-1)" (=14 2z_1y-2)"
Ysn—2 - y27; 1 2n (1—$0y 1) )
o yyBa?b(—1+ 2 ay0)" (1 + zo1y0)" (=1 + 2zoy—1)"
Ysn—1 - 2n,,2n ’

25 ye" (1 — 21y —2)"
P R Gt T 2y 12)”(1+$—2y—1)"(—1+2w71y72)n
Y252 (1 — woy—1)*" ’
wo1y?5 ey (<1 + zo1y0)" (1 + z-190)" (=1 + 2z0y-1)"

Y8n+1 = 2 1 3
2o yer (1= 2 oay—2)2n !

ag" Ty T (L ooy )" (<1 xoay- )" T (=1 22 1y-0)"

Ysnt+2 = Y2 2m2n+1(1 ~woy_1)2n 1 ,
I Y- 12 e i"+1(12+ﬁ,12y()+)1 (=14 z_190)" T (=1 + 22303/71)",
x5 Ty T (1 — xoyy—g)?ntt
Ysnts = S L 22y+11) 2(4;l te2y1)" (1 +2$71y72)n+1,
Yoy ety (1 — moy—1)2ntl
— 21y 5P (1 + 2o1yo)" (=1 + 2—1y0)" T (=1 + 2moy—1)" !
Yontks = x%””yé"“(l — & qy_o)2n+2 .

Tn—2Yn—1 Y Yn—2Tn—1
Yn(+Tn—2yn—1)’ It = 2 (0—yn_2mn_1)

In this section, we get the form of the solutions of the system of the difference equations

5. The Fourth System: z,; =

(7) Tl = ITn—2Yn—1 Ynp1 = Yn—2Tn—1

" Yn (1 + xn—2yn—l)’ " Tn (1 - yn—an—l)7
wheren = 0, 1, 2, ... and the initial conditions x_2, z_1, xo, y—2, y—1 and yo are arbitrary
nonzero real numbers with z_1y_2, zoy—1 # 1, x_2y—1, T_1y0 # —1.
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5.1. Theorem. If {z,,yn} are solutions of difference equation system (7). Then for
n=0,1,2, ..,

zoyo (1 —x—1y—2)" T_1y"ax” (1 — zoy—1)"
Tan—2 O 4n—1 — p— w0
Y 2% _o (1+$—1y0)” ZoYo (1+172y71)
z N n+1 "(1—35 1Y— 2) = N Yy— 1y 2$_2 (1*x0y 1)
4n - I} 4n+1 — n )
y_zx_2(1+:c_1y0)" ahye T (1 + z_oy_1)nHl
and
B wgyg( +x_2y-1)" yaytexa(I+ 2 1yo)”
Yan—2 - 3 Yan—1 = o n
Yy ey (1 — woy—1)" ziys (1 — x-1y—2)
gyt A ey )" T Wi (14 2—1yo)”
Yan n Yan+1 =

Y ox™ (1 — Toy-1) g yn (1 — x_qy_o)ntt

Proof. For n = 0 the result holds. Now suppose that n > 1 and that our assumption
holds for n — 1. that is,

. B Ig 1 n 1(1_1_ 1y 2)n—l . T_ lynQIm:LQl(l_wa 1)n—1
4n—6 - 4n—5 —
y"21$"22(1+$—1y0)" v’ eyt (1 + zooy_1)n?
vy = F0Yo_ 1 —zoay)"! - y-1y”y 9672(1 —xoy-1)"""
" y o " (14 woyyo)nt " e hyn(1+ oy )
Yan—6 = T : Yo 1(1+:c 2Y- 1)71*1 Yan—5 = Y197, ' ) (1+55 1?J0)7P1
n— - ) n—5 — y
y"22x"21(1—x0y71)" 1 2 yd T (1 — 2oqy—o)n
y _ oz Yyg (1 +a_oy—1)" " y To1yox™ 3 (1 4+ z_1yo)™ !
4n—4 - 4n—3 —
Y5 "5 (1 — zoy—1)n—1’ 2yr (1 — zo1y—2)"

It follows from Eq.(7) that

Tan—-5Yan—4
Yan—3 (+Tan—5Yan—a)

T_ 1y"§1m"§1(1—xoy 1)n_1 xg 1 "(l—l—x 2Y— 1) n—l
n—1 n 1 n—1_mn—1 —1

T4 (1+2z_2y—1)"1 Yoo @ty (1 — zoy—1)”

Tan—2

Ty ez (1 +z1yo)" !
T3y, (1_9”7111 2)"
(o (e ) (g ermr)
g Yy (1+a—2y—1)" ! Yy ta" (1 — moy 1)t
T_1Yo
<x1y"2m"51(1+m1yo)"1

n—1

(1+z-1y0)
rgyy (1 —21y—2)” )

voayorfyy (1 —z-1y-—2)" _ woyg(l —zay-2)"
zoayyr" M+ o ayo) P (I +zayo) Y a5 (142 1y0)"
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m 5 — Yan—5T4n—4
" Zan—3 (1 — Yan—5Tan—4a)
y-1y"5 " (L4 woayo)" ! whyy (1 —woay-2)" !
iy T (1 —woay o)t Y5 e (1 woayo)n

Y-1Y_o T2
zp typ (1 + 2oy —1)"

- Yoy e (L4 zayo)™ ! agys Tl —zayo)" !
xp e Tl —woay o) ! Yyt a (14 @ oayo)n !
_ woy—125 Y (1 +2—2y—1)" _ woyo(l+zoy—1)"
Yyttt (L —moy— )" (1 —woy—1)  y"5 w" (1 — zoy—1)”

see from Eq.(7) that

n—1_mn (1x0y_1)n—1>

Also, we
T4 1 — Tan—-4Yan—-3
" Yan—2 (1 + Tan—ayan—3)
$3y371(1 f:v,1y,2)”*1 x71yﬁ2xﬁ§1(1+x,1yo)”’l
Yy e (1 + woayo)nt z2ys ™ (1 — zo1y—2)"
zoyo (1 +x_2y_1)"

(yﬁglfr’lg(l - moy—l)")
<1 N ( zhys (1 — zo1y—2)" ) Tyl (1 + ﬂUlyO)nl>>

Yy e (L moayo)n apys (L —z 1y o)”

(%)
(1—-z-1y-2)
T_1y—2

= (yxgymwmy”" ) (HW)

notan (1 = woy—1)"

z-1y”22"5(1 — zoy—1)"

Y5 a5 (1 — woy—1)"w_1y—2 B
gy (L +z—2y—1)"

o agyp (L a—ay—1)" (1 - 2-1y—2 +2-1y-2)

and
Ya 1 _ Yan—4T4n—3
" T4n—2 (1 - y4n—4x4n—3)
af b (14 w_oy—1)" ! y-1y"5 2" (1 — woy—1)" "
Y ey (1= woy—1)n ! zg Yy (L+ z_ay—1)"
oy (1 — x_1y—2)"

<y”2$"21(1+~’0—12/0)"> ))

(1 — ( 0yl (1 4+ z_oy—1)" " > <y1yfglxﬁ2(1 — zoy—1)"

Y a1 — moy 1)t af (L4 z gy 1)"

Y172
((1 +$72y71))
< zoyo (1 —z_1y—2)" > (17 ( Y122 ))
Yo"y (14 z1yo)” (1+z_2y-1)
ylax" s (14 2-190)"y—12-2 Cy—1yer™ (1 + zo1yo)”
o apyp(l—zoay—2)™

o agyp(l—zoy—2)" (1 +2—2y—1 — —2y—1)
Also, the other relations can be proved similarly. This completes the proof. |
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We consider the following systems and the proof of the theorems are similarly to above
theorem and so, left to the reader.

Tn—2Yn—1 Yn—2Tn—1
5.1 Tni1 =  Yng1 = 8
( ) i Yn (1 - xn—Q'yn—l) Yntt Tn (1 + yn—2xn—1)
Tn—2Yn—1 Yn—2Tn—1
5.2 T s Yntl = 9
( ) e Yn (_1 + $n72yn71) Ynt1 In (—1 + yn,Ql’En,l)
Tn—2Yn—1 Yn—2TLn—1
5.3 Tn y Ynt1 = .10
( ) i Yn (71 - xn—Zyn—l) Yt Tn (71 - yn—an—l)

The following theorems is devoted to the expressions of the form of the solutions of
systems (8), (9), (10).

5.2. Theorem. Let {xn,yn} ™ , be solutions of system (8) and x_1y_2, Toy—1 # —1,
T_oy—1, T-1Yo # 1. Then forn =10,1,2, ...,

2oyo (1 +x-1y—2)" 21y x5 (1 4 zoy—1)"
Tan—2 - n 1 5 Tan—1 = e, - ,
Yz (1 —z_190)" riyg (L —r_2y—1)
. _ n+1yn(1+x 1Y 2) . B Y 1y"2x";1(1+x0y,1)"
4 = ) Ant+1 = ,
" Yoo (1 —-1go)” R A L
3ono(l —z_2y-1)" y-1yZax”o(1 — 2_130)"
Yan—2 = Yan—1 = non "
Yy 'z "o(1 + 2oy 1) 2pyy (1 +w_1y—2)
ahyg T (1 —w_ay-—1)" zo1y"Hla5 (1 — zo1yo)”
Yan = 5 Yan4+1 =

Y25 (1 + oy—1)" gy (L 2oy o)t

5.3. Theorem. Assume that {xn,yn} are solutions of system (9) with T_1y—2, Toy-1,
T_2y_1, x_1yo # 1. Then forn =0,1,2, ...,

oy = zoyg (—1 4+ x_1y—2)" o To1yToxo(—1 4 zoy—1)"
Yoz (1 + z_1yo)™ By (— 1+ o2y 1)"
X4 = n+1 n( 1+:C 1y— 2) Tan+1 = Y-1y- 2:1;"+1( 1+m0y_1)n
yﬁzxfz(—l-f—l‘_mjo)" ’ agoy”+1( 1+ 2 oy_1)n+! ’
Yin_2 = 26yo (=1 +x—2y—1)" Yin1 = Y-1yZaas (=1 + 2130)"
Yt ey (=1 + zoy—1)" ogys (—1+zo1y—2)"
_ o woyp (=l aay)” ey (1 aayo)”
Yan = Yan+1 =

n+1y0( 1+x71y72)n+1 .

5.4. Theorem. Suppose that {xn,yn} are solutions of system (10) such that x_1y—2,
ToY-1, T—2Y—1, T_1Yo # —1. Then forn=0,1,2,..,,

Y ox™ (=1 + zoy—1)"

- voyo(—l—z1y2)”  _ moaymara(l - zoy—1)"
n— — ? n—1 — M, m n
Yoz 5 (=1 — z_1yo)” ziyy (=1 — z—2y-1)
T4 _ nH Yo (=1 —z_1y_2)" Tant1 = yflynzxngl(_l_woyfl)n
y_gm_g(*lfzv—lyo)” ’ apys (=1 — z_gy 1)+t
R oy (=1 —z_2y—1)" Yin1 = y-1y"ax 9 (=1 —x_190)"
n— - — n—1 — n,m n ’
Yyt (=1 — oy 1) ziyy (-1 — z-1y—2)
o omgye T (=l oy )" Czay (-1 — 3 oayo)”
Yan = T Yang1 =

Yrox (=1 — woy-1) n+ly (=1 —z_1y—g)nt! ‘

5.5. Lemma. The solution of system (7) is unbounded except in the following case.
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5.6. Theorem. System (7) has a periodic solution of period four iff y—2 = —yo, T_2 =
Y123

—zo and it will be taken the following form {z,} = {m,% T-1,%0, o a e Ty

{yn} = {y—va—17y07 zo(f;ylﬁgiil)yy—va—lvyOa ’ } .

Proof. First suppose that there exists a prime period four solution

{xn} = {»’072756717560, 7%&;;?;;71) ,T—2,T—1,T0, } R
{y"} = {y*27y717y07ﬁ:y*27y*17y077'“}7
of system (7), we see from the form of the solution of system (7) that
oyo (1 —xz_1y_o2)™ 1y ex™o(1 — zoy—1)"
Tan—2 = T-_2= ioy%(,l T-1y-2) , Tan—1 = T—1 = 13 2 2( 0y i)
Yoz (14 z-1y0)" z3yy (1 + 2—2y—1)
z S ngrlyg(l —z_1y—2)" . _ y_12T_o y_aymee™t (—mey_1)™
in = 0= yﬁzﬂg(l +$71y0)" » MAntl = YOt _ay—1) zg'yg+l(1+z_2’y—1)n+l ’
_ _ zoyo (L +x—2y—1)" Yyt (I o)
Yan—2 = Y-2= —— y Yan—1 = Y-1 = — -
Yoy xl s (1 — zoy—1)" ziys (1 — x-1y—2)
_ _ oy T+ zay—1)" _ ey _ eyl (Ut aye)”
Yan Yo y’r_lQl.’r_LQ(l _ $0y71)" > Yan+1 zo(1+y_2x_1) 328+1y(7{(1—x,1y72)n+1 .
Then we get
Y—2 = —Yo, T—2 = —ZTo.
Second assume that y_2 = —yo, x—2 = —xo. Then we see from the form of the solution
of system (7) that
_ _ — _ Y—1T—-2
Tan—2 = T-2, Tan—1 = T—1, LTan = 0, Tdn+l = yomry o))
- — - __ woay—»
Yan—2 - Y—2, Yan—1 = Y—-1, Yan = Yo, Yan+1 = zo(l+y_sw_1)"

Thus we have a periodic solution of period four and the proof is complete. |
Also, we can prove the following Theorems:

5.7. Lemma. The solutions of all systems (8), (9) and (10) are unbounded except in
the following cases.

5.8. Theorem. System (8) has a periodic solution of period four iff y—2 = —yo, T_2 =
Yy_1T_2

—xo and it will be taken the following form {xz,} = {x,Q, T-1,%0, 3oz e 1)

{yn} = {y—27y—17y0, ﬁﬁg—?ﬁy—hytﬁ ) } -

5.9. Theorem. All Solutions of the difference equations system (9) are periodic solution
with period four iff y—2 = yo, x—2 = xo and it will be taken the following form {z,} =

T—2,T—-1,Z0, Ma T—2, } ’ {yn} = {y*27 Y-1,Yo, ﬁa Y—2,,--.
5.10. Theorem. If{z,}, {yn} are solutions of system (10), then {xn}, {yn} are periodic
solutions of period four iff y—2 = yo, v—2 = xo and it will be in the following form {z,} =

To9m 1m0, — 212 o } {yn} = {y—z Yoy, — =2

’ PP yo(—1—z_2y_1)’ L n ? P mo(—1-y_2z_1)’ R

5.11. Example. We consider interesting numerical example for the difference system
(7) with the initial conditions x_2 = 0.3, z_1 = 0.15, zo = —0.4, y_o = 0.2, y_1 =
—0.16 and yo = 0.17. See Figure (3).

L—2,L—-1,T0y .-

L—2,L—-1,20, ...

.
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5.12. Example. See Figure (4) when we take system (7)

plot of X(n+1)=Y(n—-1)X(n-2)/Y(n)(1+Y(n—-1)X(n-2)),Y(n+1)=X(n—-1)Y(n-2)/X(n)(1-X(n-1)Y(n-2))
15 T T T T

>£(n)
——ymnp

1+

x(n).y(n)
o

0 10 20 40 50 60

Figure 3

plot of X(n+1)=Y(n-1)X(n-2)/Y(n)(1+Y(n-1)X(n-2)),Y(n+1)=X(n-1)Y(n-2)/X(n)(1-X(n-1)Y(n-2))
15 T T T T

x(n)
——ym ||

x(n).y(n)

25 30 35 40

Figure 4

with the initial conditions

r_o=3, x_ =11, 20 = =3, y_2 =5, y—1 = =7 and yo = —5.
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