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Abstract

In this paper, a semi-Markovian random walk with delay and a discrete
interference of chance (X (t)) is considered. It is assumed that the
random variables {(,} , n > 1 which describe the discrete interference
of chance have Weibull distribution with parameters (o, A), o > 1, A >
0. Under this assumption, the ergodicity of this process is discussed and
the asymptotic expansions with three terms for the first four moments
of the ergodic distribution of the process X (t) are derived, when A — 0.
Moreover, the asymptotic expansions for the skewness and kurtosis of
the ergodic distribution of the process X () are established.
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1. Introduction

Many applied problems of the queueing, reliability, inventory control, insurance and
other theories are formulated in the terms of random walks with various types of barrier.
Some important studies on this topic exist in the literature (see, for example, [1-9]). Let
us consider the following model before stating the problem mathematically.

The Model.Suppose that, the system is in state z = s + x at the initial time ¢t = 0.
Here, s > 0 is a predefined control level, and x > 0. Demands and supplies are occurred
at the random times T, = Y ;- &, n > 1. System passes from a state to another one by
jumping at time T),, according to quantities of demands and supplies {7, }, n > 1. This
change of system continues until certain random time 71, where 71 is the first passage time
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to the control level s. When this case happens, by interfering to the system from external,
systems is stopped at the level s for a random time 6;. Usually the random variables 6,
and K = Ef,/E¢; are called as delaying time and delaying coefficient for the system,
respectively. Then, as a consequence of external interference, system is brought from the
control level s to state (1. Thus, the first period has been completed. Afterwards, system
will continue its function similar to the preceding period.

Note that, in the study [8], [2] and [1] the random variable ¢;, which describes the
discrete interference of chance, has an exponential, triangular and gamma distribution,
respectively and the stationary moments of ergodic distribution were investigated when
the delaying time is zero, i.e. #; = 0. But the delaying time is necessary for many real
systems. So, in this study, unlike [8], [2] and [1], the asymptotic expansions with three
terms for the first four moments of the ergodic distribution of the process X (t) will be
investigated by taking into account the delaying time (61). Also in this study we assume
that the random variable ¢; has Weibull distribution with parameters (o, A), a > 1,
A> 0.

Our aim, in this paper, is to investigate the asymptotic behavior of the ergodic mo-
ments of this process t € [Yn, Tnt1), when A — 0.

2. Mathematical construction of the process X(t)

Let {(&n,Mn,0n,Cn)}, n > 1 be a sequence of independent and identically distributed
vector of random variables defined on any probability space (Q2,§, P), such that &, and
0,, take only positive values, 1, takes negative values as well as positive ones; (, has
Weibull distribution with parameters (a, A), @« > 1, A > 0 . Suppose that &1, 9, 01,1
are mutually independent random variables and the distribution functions of them are
known, i.e.,

d(t)=P{& <t}; F(x)=P{m <z}; Hu)=P{0, <u};t>0;
z € (—o00,4+00)u > 0and w(z) = P{¢1 <z} =1—e )% 2>0,a>1, A>0.

Define renewal sequence {73} and random walk {S,} as follows:
T :Z&, Sn:Z”fh', To=S =0,n=1,2,....
i=1 i=1

and a sequence of integer valued random variables { N, } as:
No =0,
Ni=inf{n>1:s+2—-S, <s}=inf{n>1: 5, >z} =N(z), z>0;

Ny+Na+...+Np+k
NnH—inf{kZl:s—f—gn—( Z m><s}

i=N1+N2+...4+Nn+1
=inf{k >1: SNy4Not..+Np+k — SN +No+..4+N, > Cnt,mn=1,2,...
Here s > 0 and inf{(} = +oo is stipulated.
Let 7o =7 =0,71 =T, :Zf’gléi, Yi=T1+6i =Tn, +6:1

n—1 n
Tn = TNy +..+N, + Z Oi, Yn =Tn +0n =TNy+..4N, + 291‘, n>1.
i=1 i=1

Let’s construct the sequence of the counting processes:

vo(t) = v([0,t]) = v(t) =max{n >0: T, <t}, t €[0,71).

vr(t) = v([y,t]) = max{n > 0 : v + (Tng+Ni+.. +Nptn — TNgt Ny 4.4 N,) < L)
t €[y Tr+1), 7=0,1,2,...
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By using these notations, the desired stochastic process X (¢) is defined as follows:

a)X(t) =s for all t € [Tn,Vn)

b)X(t) = s+ (n = (SNg+ N1+ Notvn (8) — SNo+ N1 +...N,,) for all T € [y, Tni1)
where n =0,1,2,...; v0 = 0; (o = x; No = 0.

In this study, the process X (t) will be called ”a semi-Markovian random walk with
delay and Weibull distributed interference of chance”.

The main purpose of this study is to investigate the asymptotic behavior of the sta-
tionary moments of the process X (t), as A — 0. For this purpose, we first discuss the
ergodicity of the process X (t).

3. Preliminary discussions
Firstly, we can state the following lemma from [1].

3.1. Lemma. Assume that the initial sequence of the random vectors {(&n,Mn,On,Cn)},
n > 1, satisfies the following supplementary conditions:

1) B& < o0; 2) B0y < 00; 8) 0 < Emy < 00 4) E(nf) < oo

5) m is non-arithmetic random variable;

Then the process X (t) is ergodic.

3.2. Remark. Let’s now put ¢x(u) = tlim E {exp(iuX(t))}, u € R. Using the basic
—00

identity for the random walks (see, Feller W., [5], p.514) and 3.1 Lemma , we obtain the
following 3.3.

3.3. Lemma. Assume that assumptionts 3.1 are satisfied and the sequence of the random
variables {Cn} , n > 1, which describes the discrete interference of chance has Weibull
distribution with the parameters (a, A), a > 1, A > 0. Then for u € R\ {0}, the char-
acteristic function px (u) of the ergodic distribution of the process X (t) can be expressed
by means of the characteristics of the pair (N(x), Sn(z)) and the random variable n1 as
follows:

_ eius o a—1_—(Az)% iuz sDSN(a:) (_u) -1
wx (u) = 7/ % e et —=dr
(3 1) EN(C1)+K 0 Pn (771)71
. Keius o a—1_—(Az)% iuz
+ = % e e psy (@) (—u)de,

EN(G)+ K Jo
where EN(C1) = aX® [ 29 e O EN(2)da; S (—u) = Eexp(—iuSn());
on(—u) = Eexp(—ium); K = E6:/E¢,.

4. Exact formulas for the first four moments of the ergodic dis-
tribution of the process X(t)

The aim of this section is to express the first four moments of the ergodic distribution
of the process X(t) by the characteristics of the boundary functional Sy(,) and the

random variable 7;. For this aim, introduce the following notations:
My (z)

= E(Y), My(z) = E(S% = M(z) = =1 > 0;
mk (771)7 k(ﬂ?) (SN(ac))7 Mk1 my’ kl(x) M1($)7 k y9, © > 05

E((P Mi(G)) = A / z* e O My (2)dw, n = 0,4, e = B(CF), k=14
0
and for the shortness of the expressions we put:

E(X") = Jlim. E(X@#)"), k=1,4 and X(t) = X (t) — s.

We can now state the first main result of this section as follows.
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4.1. Theorem. Let the conditions of 3.8 be satisfied and also E |m|> < co. Then the first
four moments of the ergodic distribution of the process X (t) exist and can be expressed by
means of the characteristics of the boundary functional Sy(x) and the random variable
m as follows:

. 1 1
E(X)=———— < F M — —E(M:
- ® = sore T {B@nc) - ZEOnL@)
+%(m21 —2Km1)E(M1(¢1)) + Kmlel} ;
2y r 2 _ 1
E(X®) = BN T K {E(C1Ml(41) E(¢1M2(¢1)) + 3E(M3(C1))
(4.2) +mar (B (@) - %E(Mz(il))> + Kma (BE(M3(¢1)
—2E(¢1(M1(¢1))) + A1 E(M1(¢1)) + Kmiea};
B =~ B M1 (@) - SB(EEMa(6r)) + B Ma(cr)
E(M;1(C1)) + Kmy 2
- %E(M4(€1)) + g(mm —2Kmy) (E(CfMl(Cl) - E(C1M2(C1)))
(4.3)
+ 5 (ma1 = 2Km) B(Mg (¢1)) +3A1B(C1 M1 (¢1))
2 ABQR () + 342 BOML () + Kmaea)s
—4, 1 4 _ 3 2 B
BXY = oo R {B(ct M) = 2B Ma(¢1)) + 2B(CT M3(61)) — B(¢1Ma(61))
+(ma1 — 2K'my) (2E<<f)Ml(<1>> — 3E(¢f M2(¢1)) + 2B(¢1 M3(¢1)) + %E<M4<<1>>)
2 B3 () + 641 (BEEM (@) - B(GMa() + 5 B(Ma(c)) )
(4.4) + 6A2 (2E(¢1M1(¢1)) — E(M2(¢1))) + 3A3E(M1(¢1)) + Kmiega};
mai m%l ma3i mai m31mol m%l
where Ay = T A= S = R A= T = Ty T
4 2 2
A, = may _ m3i1maq + m41M21 + m31 o ms1
4 2 6 9 30’

er = B(CY), k=1,4, K = E0,/E¢,.

Proof. Note that the conditions of 4.1 provide the existence and finiteness of first five
moments of Sy(,) (see, Feller W., [5], p.514). And by using Taylor expansions for the
characteristic functions of the variables 71 and Sy (s), the exact expressions (4.1)-(4.4)
for the first four ergodic moments of the process X (¢) can be obtained. O

5. Third-order asymptotic expansions for the first four moments
of the ergodic distribution

In this section, we will obtain asymptotic expansions for the first four moments of the
ergodic distribution of the process X (t). For this aim, we will use the ladder variables of
the random walk S, = >"7 | ms, n > 1, with initial state So = 0.

o

Let v =min{n >1: S, >0}, x{ =S + => ;1 n.

1

Note that, the random variables v;” and x| are called the first strict ascending ladder

epoch and ladder height of the random walk {S,}, n > 0, respectively (see, Feller W., [5],

p.391).
Let’s give the following lemma:
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5.1. Lemma. Let g(z) (g: RT — R) be a bounded function and lim g(x) = 0. Then
T —r 00
for any a > 1 the following asymptotic relation holds:
s} ta

li “tg(—-)dt = 0.
im e g()\) 0

A—=0 [

Proof. Under the conditions of 5.1, for any € > 0, m(e) > 0 exists such that for any
xz > m(e), the inequality |g(z)| < € holds. Choose b > 0, such that fé’ e 'dt < e. The
1

function g (x) is bounded. Therefore, for any A <%, we have:
o ti b ti oo ti
—t < —t < —t <

—)dt| < —)|dt —)|dt <

|t < [t o s [T et a5 e <

b 0o oo
< max |g(m)|/ e tdt + s/ e tdt <eM + 5/ e tdt = e(M + 1),
2 0 b 0

h M = .
where M = max|g(z)|

Since M is finite and ¢ > 0 is arbitrary positive number, the proof of the 5.1 is
completed. O

Let’s give the following lemma, which proof is similar to proof of 5.1.

5.2. Lemma. Let g () be defined as in 5.1 and the function R, (x) be defined as Ry (z) =
2"g(xz),n= —1,0,1,2,.... Then for each o > 1, the following asymptotic relation is true,
when A — 0:

1
* to 1
R, (—)dt = o( ).
|t RS = ol55)
Now, we state the following auxiliary lemma, by using 5.1 in [7]:

5.3. Lemma. Let the condition E |r)1|3 < oo be satisfied. Then we can write the following
asymptotic expansions, as A — 0:

(51)  E(M (C1)):E(C1)+%M21+o()\),
(5:2)  B(Ma(Q) = B (G) +pan B () + gpan + 0 (1),

(53)  B(Ms(Q) = B(¢) + SpnB () + B (G2) +o0 (i) ’

(5.4)  E(Mi(G)) = B (¢1) + 20 B (¢}) + 20 E (¢3) + 0 (%) ,
(55)  B(Ms () =B () + SpnB () + S B () + 0 (%) ,

Proof. Using 5.2 in this paper and 5.1 in [7], we can obtained the asymptotic expansions
(5.1)-(5.5), as A — 0. O

Now, we can state the first main result of this section as follows:

5.4. Theorem. Let the conditions of 4.1 be satisfied. Then the following asymptotic
expansion can be written for the first four moments of the ergodic distribution of the
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process X (t), as A — 0:

(5.6)  E(X) = Car(a)~ + Bui(a) + Bis(a)A + o()),

A

(1) B(X) = Cai(a)5; + Bar(@)y + Baa(a) +o(1),
(58)  B(X) = Cu(a)55 + Bui(0) g + Bala)y + o),
(5.9) E(YAL) = Csl(a)$ + By (OZ)% + B42(0‘)$ + 0(%)7
where Cr(a) =T (1 + k/a); Cri(a)= k%1(2)’ k=15 T(a)= [~ t*"tetdt,

Bii(a) = % [mm — CC(ZII((;X)) (p21 + QKml)] ,

Bl2(a) = 40512((2)) (Ngl + 4po1 Kma + 4K2m%)7

— ﬁm)(um + 3u21mi1 K + 3ma K),
By (o) = % [2021(04)77121 - Cés;(((j)) (p21 + 2Km1):| )

Cs1(a Co(a
Bas(a) = 463’12((04)) (151 + 4K*m7T + dpz Kma) — 262’1((04)) (ma1p21 — 2Kmes)
3m3; — 2ma1
6 b
_ 3C31(C¥) - 041 (a)
Bsi(a) = 5 Mat 201 () (p21 + 2Kma),
Co1 (a 2C1 (« 3 3
Bsa(a) = 212( )(3771%1 —2ma1) + 36?121((&)) (131 + §,u21Km1 + §K2m%)
3C
— 46?1((5)) (ma1p21 + 2Kms),
1
_ Cs1(a)
Byi(a) = 6C41 () ma1 201 () (p21 + 2Km,y),
Baa(a) = Cs1(a) (3m§1 — 2ma31 + 6maip21 — 3ps1 — 12Kmqpu21)
C
+ 4512((2)) (K51 + 4p21 Kma + 4K°m3)
1
Cui(a)

(3maipior — 3psy — 6Kma — 10K mi puo1 — 8K°mS).

Proof. Firstly, we obtain the asymptotic expansion for the expectation of the ergodic
distribution of the process X(t), as A — 0. For this aim, the exact formula (4.1) was
obtained for E(X) in 4.1. For the shortness, we put

(5.10) E(X) =R\ JO),

where R(\) J(A) = Ji(A) + J2(N);

— 1 .
T E(M:i(G1))+Kmy”
RO) = B(GM(G) — 35 (M(G));

Jz(/\) = %(mm — QKml)E(M1(C1)) + Kmaex.
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By using Lemma 5.3 , we get the following expansion, as A — 0:

_ F(l + 2/&) 31
(5.11)  Ji(N) = oz 5 + o(1).
Using 5.3 , we obtain the following asymptotic expansion for J2(A), as A — 0:

(5.12)  Jo(A) = “1‘2“7;/0‘)

By using asymptotic expansions (5.11) and (5.12), we get:

1
ma1 — Z(mm —2Kma)pz21 + o(1).

(5.13) J(A):M[l mnl(1+ 1/a)

22 2 I(1+2/a)

1 1 1 2 2
+m (1(77121 —2Kmy)p21 — 6#31) A+ o(A ):| .

Analogically, we calculate:

(5.14)

RO\ =

A _ p21 +2Kmy Mgl+4u21Km1+4K2m%)\2+0(/\2)
r(1+1/a) 21+ 1/«) A1+ 1/«) ’

Taking into account the asymptotic expansions (5.13) and (5.14), we obtain the following
asymptotic expansion, as A — 0:

(14 2/a)

11
R) ) = A+ 1/a) A 2

[mm — (21 + 2Kmy) L(1+2/a) }

21+ 1/a)

2 2 2y T(142/a)
+ |:(,u21 + 4po1 Kmy + 4K ml)islﬂ(l ¥ 1/a)

(515) - (/L?,l + 3;1,21Km1 + 3K7’7'L2) :| A =+ O()\)

1
60(1 + 1/a)

Substituting (5.15) in (5.10), we finally get the asymptotic expansion (5.6) for E(X),
as A — 0.
Now, we can analogically derive the asymptotic expansion for the second moment of

the ergodic distribution of the process X (t). For this aim, the exact formula (4.2) was
obtained for E(YQ) in 4.1. For the shortness, we put

(5.16) E(X')=R(\) J'(N),

where J'(A) = J3(A) + Ja(A); J3(A) = E ((FM1(¢r)) — E (G Ma($r)) +3 E(Ms(Gr));

JaX) = (ma = 2K ) B(G M () = 5 (man — 2Km) BE(Ma (1)
+ A E(Mi(¢1)) + Kmaea.
Using 5.3 , we obtain the following asymptotic expansion for J3(A), as A — 0:
= éiF(l 1—33/04) + o(%).
Taking 5.3 into account, we write the following asymptotic expansion for J4(A), as A — 0:
ma1 (1 +2/a) A I'l+1/«a) n Aipzr (m21 — Kma)
2 A2 A 2 6

(5.17)  Js(\)

(5.18)  Ju(N) = us1 +o(1).
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Using asymptotic expansions (5.17) and (5.18), we obtain the following asymptotic ex-
pansion for J'(A), as A — 0:

/ P1+3/a) [1 mal(1+2/a) I'l+1/a) .2
- 10 T A3 {5 TF(1+3/0¢))\+A1F(1+3/@)
(5.19) Aipor (mo1 — Kmaq) 1 1
+< 2 6 “31) T 130 oW

Substituting asymptotic expansions (5.14) and (5.19) in the formula (5.16), and carry-
ing out the corresponding calculation, we finally get the asymptotic expansion (5.7) for
E(YQ), as A — 0.

Analogically, we can calculate the asymptotic expansions for the third and fourth
moments of the ergodic distribution of the process X (t).
This completes the proof of 5.4. O

5.5. Corollary. Let the conditions of 5.4 are satisfied. Then the following asymptotic
expansion can be written for the variance of the ergodic distribution of the process X (t),
as A — 0:
_ 1
Var(X) = [Ca1(a) — C31(a)] 32 +[B2i(a) = 2Bu(a)Ciz(a)]
+ [Baa(@) — Bii(a) — 2C21 (@) Biz(a)] + o(1).

> =

5.6. Remark. Thus, we obtained the asymptotic expansions for the first four ergodic

moments of the process X (¢). Using these moments, it is possible to calculate skewness
(v3) and kurtosis (v4) of the ergodic distribution of X (¢):

BE(X —a)® - E(X —a)*

I

— 3 where a = E(X), o” = Var(X).

Y3 =

o3 ot

5.7. Corollary. Under the conditions of 5.4 , the following asymptotic expansions can be
written for the skewness (v3) and kurtosis (1) of the ergodic distribution of the process
X(t), as A — 0:
_ Cui(a) — 3C21(a) Ca1(a) 4+ 2C35, () o)
[Ca1(a) = C3 ()] \/C1 () — C31 () ’
_ Cs1(a) + 6C31 () C3 () — 4C21 () Car(a) — 3C5 ()
[Ca1(a) = C3 ()]

3

6. Conclusions

In this study, some stationary characteristics of the process X (t) are investigated by
using analytical and asymptotic methods, whenever the sequence of random variables
{¢n} , n > 1 which describes the discrete interference of chance has Weibull distribution
with parameters (a, A), @ > 1, A > 0. The simple forms of the asymptotic expansions
allow us to observe how the initial random variables &1, 71, and (; influence to the sta-
tionary characteristics of the process X (t).

Note that it is important to obtain the similar results for other types of discrete
interference of chance by using the methods introduced in this paper.
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